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Introduction

D ETRIMENTAL combustion instabilities in propulsion or
power generation systems often occur when oscillations in

heat release excite one or more of the natural acoustic modes of the
combustion chamber.1 Determining the characteristics of combus-
tion driving processes in these unstable combustors remains one of
the most important and unresolvedproblems in the � eld of combus-
tion instability. Developing such an understanding often requires
characterizing a number of processes occurring in the combustion
zone, including chemical kinetics, � uid mechanics, and transport
processes. Clearly, measuring the � ow� eld variables, e.g., veloc-
ity, temperatures, and species concentrations, that will characterize
these processes in the combustion zone of an unstable combustor
would tax the capabilitiesof most laboratoriesand would be impos-
sible in practical combustors where optical windows and access for
the required number of probes are not available. Consequently, ap-
proachesfordeterminingthecharacteristicsof theunsteadycombus-
tion process that do not require extensivemeasurementsare needed.

Unsteady heat addition in a combustor affects the characteris-
tics of the combustor’s acousticpressure,velocity, temperature,and
density� elds.Because it is often much easier to measure the charac-
teristics of the excited acousticpressure � eld, this Note explores the
possibility of using acoustic pressure measurements to determine
information about the unknown combustion process heat source.
Speci� cally, the feasibility of recovering the spatial distribution of
the amplitude and phase of the unsteady combustion process heat
release in an unstable combustor from measurements of the spatial
dependence of the acoustic pressure is investigated.

Such a technique was � rst attempted by Ramachandra and
Strahle2 and Ramachandra3 to determinethe distributionof the � uc-
tuating heat release rate in an open premixed � ame. They measured
the spatial distributionof the acoustic pressure and then used linear
acoustictheoryto determinethe spatialdistributionof the � uctuating
heat release.The accuracyof this calculatedheat releasedistribution
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was assessed by comparison with radicals radiation measurements.
Although encountering dif� culties due to the sensitivity of the so-
lution to measurement errors, they2,3 reported that the technique
was successfullyused to recover the heat release distribution in the
investigated � ame.

Subsequently, Chao and Strahle4 and Chao5 attempted to extend
the technique to recover the heat release distributionin a gas turbine
combustor.They foundthat theywere able to recover theheat release
distribution only in certain frequencybands and concluded that the
method was generally not feasible. In his thesis, Chao5 commented
that “the reasons why such poor results were obtained. . . are still
not very clear.” Unfortunately, without a clear understandingof his
results, it is dif� cult to ascertain whether his conclusions are appa-
ratus speci� c or re� ect general limitations of the technique. Thus,
the applicabilityof his results to other applicationsand combustion
con� gurations is unclear.

This Note reconsiders this problem to better understand the pre-
vious resultsand to arrive at some generalconclusionsregarding the
feasibility of the technique.The “Theoretical Background” section
begins from a general formulationof the conservationequationsand
demonstrates that it is theoretically possible to recover the heat re-
lease from pressure measurements. In the Analysis and Discussion
sections, issues of sensitivity of the solution to measurement errors
are considered and the physical processes responsible for the prior
experimentalresultsare explained.The Note closesby drawingcon-
clusionsabout the feasibilityof using the techniquein other unstable
combustors such as those used in rocket motors or afterburners.

Theoretical Background
This section describes a theoretical analysis showing that, given

certain assumptions to be outlined, it is theoreticallypossible to de-
termine the spatial distribution of the unsteady heat release from
acoustic pressure measurements. The investigated combustor is as-
sumed to consist of a long and narrow duct of constant cross section
and is shown in Fig. 1. A description of the unsteady � ow� eld in
this combustor can be obtained from the mass, momentum, and
energy conservation equations.6 By the assumption that there is a
one-dimensional,inviscid, perfect gas � ow and that only a combus-
tion process heat addition source is present in the combustor, the
conservation and state equations may be written in the following
form:

Fig. 1 Schematic of a proposed experimental setup for determining
the unsteady combustion process heat addition from acoustic pressure
measurements.
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where q , u, e, x , t, and Q are the density, axial velocity, speci� c en-
ergy, x location, time, and heat addition, respectively. To simplify
the analysis, it will be assumed that the amplitude of the oscilla-
tions is small, i.e., p0/ Np ¿ 1, where barred and primed quantities
describe mean and � uctuatingvariables, respectively; that the mean
� ow Mach number is small, i.e., NM2 ¿ 1, implying that Np ¼ const;
and that the solutions have a harmonic time dependence, given
by exp(i x t ). Using these assumptions, the linearized versions of
Eqs. (2) and (3) can be put in the following form:
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The momentum equation (5) can be integrated to yield the fol-
lowing solution for u 0(x ) in terms of p0(x):
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where Z D Nq Nc, f (x) D (ik/ M) C d( Nu)/ dx , where c is the speed
of sound, M is the Mach number, and k D x / c. Substitutingthis ex-
pressionand its derivative into Eq. (6) and then solving the resulting
expression for Q 0(x) yield the following result:
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Equation (8) shows that it is possible, in principle, to determine
the unknown Q 0(x) provided that the mean combustor properties,
boundary conditions, and p0(x) are known. However, the terms in
Eq. (8) do not lend themselves to simple physical interpretation.An
examination of Eq. (8) shows that Q 0(x) depends on the boundary
conditions, the acoustic pressure, the � rst derivative of the acoustic
pressure,and a term containingthe integral of the acousticpressure.
Each of these terms are weighted by coef� cients dependent on the
mean properties of the combustor.

Analysis
Whereas the preceding analysis demonstrated that it is theoret-

ically possible to explicitly determine Q 0(x) from knowledge of
the acoustic pressure and mean � ow quantities, it provided little in-
formation about the properties of the solution and its sensitivity to

errors in the measured p0(x) distribution.Without some understand-
ing of these issues, there is no assurance that a straightforward use
of measured pressure data in Eq. (8) will yield a meaningful result.

To examine these issues, some computational solutions of the
described equations were obtained. These solutions were obtained
by carrying out the following procedure.First, the quantities Q 0(x),
the mean � ow quantities, and boundary conditions were speci� ed
and used to numerically solve Eqs. (5) and (6) for the resultant
pressure distribution p0(x). The � uctuating heat release was both
assumed to have some explicit distribution, Q 0(x), i.e., a driven
problem, or was assumed to be a function of the local pressure
and velocity, i.e., Q 0(x) D Rp0(x) C Su 0(x), i.e., an eigenvalue
problem, where R and S are complex, constant response functions
that determine the amplitude and phase relationships between the
heat addition and pressure and velocity oscillations, respectively.

The results to be discussed were obtained for the case where the
heat release distribution Q 0(x) was speci� ed explicitly. Extensive
results for the eigenvalue problem were also obtained but are not
includedhere for lack of space.However, the results from the driven
problem are suf� cient to understand the important features of the
problem.

Next, it was assumed that the calculated p0(x) representeda pres-
sure distribution measured in an experimental setup. Small errors
were added to the calculated p0(x) to evaluate the effect of mea-
surement errors on the determination of Q 0(x). The modi� ed, i.e.,
noisy, pressure distribution was then substituted into Eq. (8), and
the resulting expression was solved for Q 0(x).

As expected,when perfectmeasurementsof p0(x) were assumed,
Eq. (8) yielded the exact distribution of Q 0(x) that had been sub-
stituted into Eqs. (5) and (6) to determine the distribution of p0(x).
However, when errors were added to p0(x), the situation dramat-
ically changed. The calculated source distribution could be very
sensitive to errors. For example, the addition of errors to p0(x) with
amplitudes as small as 0.01% of the amplitude of p0(x) resulted
in meaningless, wildly varying solutions for Q 0(x) in some cases.
This sensitivity strongly depended on the frequency of oscillations
in the combustor. For example, Q 0(x) could be determined quite
accurately when errors were added to p0(x) in situations where
the frequency of oscillation was suf� ciently removed from one of
the combustors natural frequencies.However, if the combustor was
oscillatingnear one of its resonant frequencies,the added error pro-
duced meaningless results. Figure 2 presents the results from some

a) Oscillations are near fundamental acoustic mode of the combustor

b) Oscillations are halfway between the fundamentaland � rst harmonic
acoustic modes of the combustor

Fig. 2 Comparison of the exact (line) and recovered (circles) Q 0 (x) at
two different driving frequencies; natural acoustic frequencies of the
combustor were f = 150, 450, : : : , Hz.
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of these calculations. Figure 2 shows that the frequency of oscil-
lation signi� cantly affects the accuracy of the solution. In the � rst
case, the oscillations are occurring very near a resonant frequency
of the combustor, and it can be seen that the recovery of the heat
release is quite poor. In the other case, the oscillationsare occurring
halfway between the fundamentaland � rst harmonic frequenciesof
the combustor, and the recovery of the heat release is very good.

Other computations, not reported here, showed similar results,
regardlessof the assumedboundaryconditionsor the mean combus-
tor parameters, e.g., mean temperature distribution, � ow velocity.
There is one exceptionwhere the boundary conditions signi� cantly
in� uence the solution sensitivity. If the boundaries are acoustically
nonre� ecting, i.e., p0/ u0jx D 0,L D Nq Nc, all disturbances are transmit-
ted out of the region.This problem is equivalent to one where the
heat release occurs in free space.

Discussion
This section further considers the discussed results and the pre-

vious experimental investigations2¡5 and then describes the impli-
cations of these � ndings on the feasibility of the experimental tech-
nique that is the focusof this Note. For the subsequentanalysis,note
that both the heat release and the acousticpropertiesof the duct, i.e.,
the boundaryconditions,affect the measuredpressure.Althoughthe
pressure distribution is affected by the heat release and the acoustic
boundary conditions, the assumed linearity of the problem makes
their relative contributionstraightforwardto accountfor. That is, the
measured pressure consists of a linear superposition of the homo-
geneous solution and the particular solution of the wave equation
[accounting for the effects of the boundary conditions and Q 0(x),
respectively]. Consequently, the solution for the pressure is given
by

p0(x) D p0(x)hom C p0(x)part (9)

In the speci� c circumstance of a duct with no mean � ow and a
homogeneousmedium, the solution for p0(x) can be obtained from
the following integral formulation7 explicitly showing the form of
each of the terms in Eq. (9):
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where QQ 0(x0) D [ik( c ¡ 1)Q 0(x0)]/ c and G(x , x0) is the Green’s
function that equals the pressureat a location x due to a point source
at a locationx0. Note that the � rst and secondterms on the right-hand
side of Eq. (10) describethe contributionof the boundaryconditions
and the heat source, respectively.

If the unsteadyheat releaseoccurs in free space,all excitedacous-
tic disturbances will simply radiate to in� nity. The pressure distri-
bution will then take the following form:

p0(x) D p0(x)part D
Z

V

G(x , x0) QQ 0(x0) dx0 (11)

Note that this was the problem considered by Ramachandra and
Strahle2 and Ramachandra3 in their investigation. This problem is
similar to a numberof other inverseproblemsstudiedin engineering,
such as the inverse heat conduction problem.8 These problems are
consideredto be ill posedbecauseit can be shown9 that an arbitrarily
small change in p0(x) can produce an arbitrarily large different
distribution of Q 0(x). This characteristic of ill-posed problems is
referred to as lack of stability9 and re� ects the sensitivity of the
solution to measurement errors.

The physics behind the sensitivityof the solution to Eq. (11) can
be understood by considering the effect of a � ame sheet on the
acoustic pressure. The expansion of reacting gases as they traverse
the � ame causes a jump in the acoustic velocity and, thus, a jump

Fig. 3 Schematic of a � ame sheet in a combustor, its acoustic pressure,
and velocity � elds.

in the derivative of the acoustic pressure (see Fig. 3). Expressions
for the jumps of these quantities are given by1
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Assume that the magnitude of the heat release in this � ame sheet
must be determined from pressure measurements.This will require
calculating the derivativeof the pressure just to the left and right of
the � ame and relating the difference to the magnitudeof the heat re-
lease. It is well known that the numerical differentiationrequired in
this procedure can signi� cantly amplify small errors.9 Note, how-
ever, that Eq. (12) suggests that the unsteady heat release can be
deduced much more readily from acoustic velocity measurements.
Such measurements have been discussed by Micci.10

The preceding analysis showed that solving for Q 0(x) in free
space from Eq. (11) is dif� cult because the problemis ill posed.The
sensitivityof the solution to measurementerrors is further increased
by the effects of the boundaries. This can be seen by rearranging
Eq. (9):

p0(x)part D p0(x) ¡ p0(x)hom (13)

or using the formulation in Eq. (10):
Z L
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Equations (13) and (14) show that the heat release distribution
is related to the difference between the total pressure and the ho-
mogenous solution for the pressure (which accounts for the effects
of the boundaries). To understand why this enhances the solution
sensitivity to errors, consider a hypothetical experiment in which
an unsteady heat source with a gradually increasing amplitude is
placed in a combustor. If no heat source is present in the combus-
tor, the total pressure will simply equal the homogeneous solution
of the wave equation. The resultant solution describes oscillations
of one or more natural acoustic modes of the duct. If an unsteady
heat source of very small magnitude is placed in the combustor, the
total and homogeneous solutions will not be equal, although their
difference will be small. This difference is related to the amplitude
and phase distribution of the unsteady heat release. Consequently,
if p0(x) and p0(x)hom cannot be exactly determined, small errors in
their measurementwill producevery large errors in their difference,
thus rendering the source calculation highly sensitive to these er-
rors. (This sensitivity is best illustrated by an example. Consider a
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quantity Z that is determined by the difference between two num-
bers, i.e., Z D X ¡Y , where X D 1000, Y D 998, and, thus, Z D 2.
Suppose that X has a 1% error so that Xmeasured D 1010, and, thus,
Zmeasured D 12. Thus, a 1% error in measurementof X gives a 500%
error in determining Z .) If the magnitude of the source increases,
the difference between the total and homogenous solutions for the
pressure will increase, which reduces the effect of measurement
errors on the calculated Q 0(x).

This discussionimplies that the solution to the investigatedprob-
lem is least sensitive to errors when there is no contributionto p0(x)
from the boundary’s, that is, when the unsteady heat release does
not occur in a con� ned region but in a free space, i.e., the prob-
lem considered by Ramachandra and Strahle2 and Ramachandra3

with a solution described by Eq. (11). Practically, to approach this
situation, the contributions of the homogeneous and particular so-
lutions to the total p0(x) should be as small and large as possible,
respectively. This conclusion indicates that to reduce the sensitiv-
ity of the solution to errors, the combustor should be oscillating at
frequencies as far as possible from its natural frequencies because
at these frequencies the homogeneoussolution of a driven problem
can become very large. In other words, sensitivityof the solution to
measurement errors is in� nitely large for an undamped combustor
driven at one of its natural frequencies, decreases as the frequency
approachesoff resonance,and is minimum for a combustionprocess
occurring in a free � eld.

Conclusions
This discussion is supported by the previous investigations de-

scribed in the Introduction. The presented analysis shows that the
sensitivity of the solution is smallest if the heat release occurs in a
free � eld. As noted, this was the situationconsideredby Ramachan-
dra and Strahle2 and Ramachandra,3 who were able to recover the
heat release distribution of an open � ame with reasonable success.
For a bounded region, it was shown that minimum and maximum
sensitivity of the solution occurred at off-resonant and resonant
frequencies of oscillation, respectively. The experimental results
of Chao and Strahle4 and Chao5 are consistent with these obser-
vations. They concluded that their ability to accurately determine
Q 0(x) dependedon the speci� c frequencybands being investigated.
Although they do not provide a detailed description of the natural
modes of their experimental combustor, the frequency band where
they encountered the most dif� culties and could not recover Q 0(x)
appears to correspond to the one associated with the fundamental
acoustic mode of the combustor. On the other hand, the frequency
bands where they found that the investigated technique could be
used to determine Q 0(x) correspondedto off-resonancefrequencies
of the combustor. These results are completely consistent with the
conclusions of the analysis described earlier.

The good agreement between the conclusions and the previous
experimental investigations2¡5 strongly suggests that these conclu-
sions are quite general, i.e., that it is feasible to determine Q 0(x)
from pressure measurements if the combustion process occurs in

a free � eld or the oscillations are away from any natural acoustic
modes of the combustor. On the other hand, Q 0(x) cannot be de-
termined from pressure measurements at natural frequencies of the
combustor.

Unfortunately,combustion instabilitiesgenerally occur when the
combustion process excites one or more natural acoustic modes of
the combustor. Because it has been shown that it is not possible
to recover Q 0(x) at these frequencies, it is the conclusion of this
study that the investigated technique will not provide a feasible
method with which to determine Q 0(x) in unstable combustors. It
is potentially useful, however, in systems where oscillations are
excited at off-resonant frequencies, or for combustion instabilities
that do not occur at natural acoustic frequencies of the combustor
(such as those due to convected entropy disturbances).

Finally, although the analysis only considered one-dimensional
oscillations in the combustion chamber, the results can be gen-
eralized to situations involving more complex two- and three-
dimensional acoustic oscillations. Because the basic physics of the
problem remain unchanged, this method is probably not useful for
recoveringunsteadyheat release processesin this more generalcase
either, for the same reasons as were noted in the one-dimensional
case.
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